Abstract. We construct breather and rogue wave solutions of a variable coefficient nonlinear Schrödinger equation with an external linear potential. This generalized model describes the nonlinear wave propagation in an inhomogeneous plasma/medium. We derive several localized solutions including Ma breather, Akhmediev breather, twobreather and rogue wave solutions of this model and show how the inhomogeneity of space modifies the shape and orientation of these localized structures. We also depict the trajectories of the inhomogeneous rogue wave. Our results may be useful for controlling plasmonic energy along the plasma surface.
Introduction
The study of nonlinear wave propagation in dispersive and inhomogeneous media is of great interest. It has a wide range of applications such as radio waves in the ionosphere [1] , waves in the ocean [2] , optical pulses in glass fibers [3] , laser radiation in plasma [4] and so on. The propagation of a general dimensionless nonlinear wave envelope in a weakly inhomogeneous plasma/medium obeys the following variable coefficients nonlinear Schrödinger equation (NLS) equation [5, 6, 7] , namely
where ψ(x, t) represents the complex envelope of the physical field, x is the longitudinal variable, t is the transverse variable and subscripts denote partial derivative with respect to that variable, h(t) and M (x, t) refer the nonlinearity and inhomogeneity management parameters respectively. The study of inhomogeneous NLS (INLS) equation with longitudinally and transversely varying inhomogeneity is of contemporary interest in several branches of physics [8, 9, 10, 11] . In this paper, we choose the inhomogeneity of the linear potential M (x, t) to be 2kx, so that Eq. (1) takes the following form [5, 6] iψ t + 1 2 ψ xx + h(t)|ψ| 2 ψ + 2kxψ = 0,
where k is the inhomogeneity parameter. During the past two decades several investigations have been made on to study how the inhomogeneous medium affects
arXiv:1407.2933v1 [nlin.SI] 10 Jul 2014
the propagation of solitary waves [5, 6, 12, 13] . However only fewer works have been devoted to analyze how the inhomogeneity of space and time affects the other localized solutions like breather and rogue waves (RWs) [14, 15, 16, 17, 18, 19] . In this work we intend to concentrate on this particular aspect.
Breather is a localized solution with temporally or spatially periodic structure and appears to be the internal oscillations and bound states of nonlinear wave packets [20] . A RW is a wave which is localized in both space and time and appears from nowhere and disappears without a trace [21] . A wave is classified under this category when its wave height (distance from trough to crest) reaches a value which is at least twice the significant wave height [22, 23] . Even though it was first observed in arbitrary depth of ocean, the phenomenon is now shown to appear in diverse areas of physics [24, 25, 26, 27, 28, 29, 30] . Certain kinds of exact solutions of NLS equation such as Peregrine soliton [31, 32] , time periodic breather or Ma soliton (MS) [33] and space periodic breather or Akhmediev breather (AB) [34, 35] have been considered to describe the possible mechanism for the formation of RWs.
Motivated by the contemporary development in the investigation of the breather and RW solutions of NLS type equations, in this paper, we construct Ma breather, AB, two-breathers, first-, second-, and third-order RW solutions with and without free parameters through the similarity transformation method. We also investigate in-detail the impact of inhomogeneity on these localized solutions. To construct exact solutions of (2) one may look for a transformation that can map the given equation to the standard NLS equation. The most popular way of transforming INLS equation to the NLS equation is the similarity transformation method [7, 12, 36, 37] . The necessary similarity transformation can be obtained by considering a generalized transformation ψ(x, t)=
, where ξ = β(t)x + (t), τ = γ(t) and µ(t), α(t), β(t), γ(t), δ(t), (t) and κ(t) are arbitrary functions of t, which can map Eq.
(2) to the NLS equation
Substituting this transformation in (2) and eliminating φ τ by Eq. (3) one can obtain a set of differential equations for these unknown arbitrary functions. Solving them we can find these arbitrary functions which in turn fix the exact form. As a result
where φ(ξ, τ ) is the solution of NLS equation and provided h(t) to be h 0 µ 0 β 
where we have taken h 0 = 1 without loss of generality. In the above h 0 , µ 0 , α 0 , β 0 , γ 0 , δ 0 , 0 and κ 0 are integration constants. Since (5) can be mapped to the standard NLS equation we can generate certain new localized structures including breather and rogue wave (RW) solutions and study how these localized solutions are affected by the inhomogeneity parameter. The paper is organized as follows. In Sec. 2, we construct AB, Ma and two-breather solutions to INLS equation (5) and study their characteristics in detail. In Sec. 3, we construct RW solutions without and with free parameters and investigate how these RW structures get modified in the plane wave background. In Sec. 4, we examine certain characteristics of RW, namely the evolution of its peak and width and depict the trajectories of inhomogeneous RW. Finally, in section 5, we present a summary of our results and conclusions.
Characteristics of breathers
To begin with we construct first-and second-order breather solutions of (5) . The breather solution of NLS equation is given by [34] 
where τ s =τ − τ 1 , the parameters m and v are expressed in terms of a complex eigenvalue (say l), that is m = 2 √ 1 + l 2 and v = Im(l), and ξ 1 and τ 1 serve as coordinate shifts from the origin. The parameter d(= mv) in (6) is the growth rate of modulation instability. Substituting the breather solution (6) in (4) we can capture the breather solution of (5) . When v lies between 0 and 1 and m is real, one can obtain the AB solution which is periodic in x and localized in t. On the other hand when v > 1 and m is imaginary, Eq. (4) provides Ma breather solution which is periodic in t and localized in x.
In Fig. 1 we display the evolution of AB and Ma breather wave solutions of (5) for k = 0.01. Fig. 1(a) represents the evolution of an AB for the eigenvalue l = 0.5i and Fig.  1 (b) corresponds to Ma breather for the eigenvalue l = 1.2i. The corresponding contour plots are given in the second row. When we increase the strength of the inhomogeneity parameter (k) to 2, the AB gets stretched in space along the positive x direction which is demonstrated in Fig. 2 (a). For k = −2 the stretching occurs in the reverse direction as shown in Fig. 2(b) . As for as the Ma breather is concerned, if we k is increase it bends in the plane wave background. The corresponding structure is given in Fig. 2 (c) for k = 0.5. The Ma breather gets curved in the reverse direction for negative value of k which is not displayed here. The second row in Fig. 2 represents their corresponding contour plots which clearly illustrate how the inhomogeneity parameter influences the breather structures.
We proceed to construct two-breather solutions of (5) and analyze how these solutions get distorted by the inhomogeneity of space. The two-breather solution of NLS equation is given by [35] ,
where G 2 , H 2 , and D 2 are given by
where the modulation frequencies,
is the instability growth rate of each component and ξ sj = ξ − ξ j and τ sj = τ − τ j are shifted variables.
With two purely imaginary eigenvalues, l j , j = 1, 2, the solution (7) is capable of describing a variety of possible second-order breather structures. The solution includes ABs, Ma solitons and the intersection of AB and Ma breathers in certain combination of eigenvalues. For example, when both the eigenvalues Im(l j ), j = 1, 2, lie between 0 and 1, we obtain the ABs. On the other hand when both of them are greater than one (Im(l j ) > 1) we obtain the Ma breathers and the mixed possibility, that is one of the eigenvalues is less than one and the other eigenvalue is greater than one, we obtain the intersection of AB and Ma breathers.
Inserting (7) in (4) we obtain the general two-breather solution of the INLS Eq. (5). Fig. 3 displays the evolution of two-breather solution of (5) for k = 0.01 with the imaginary eigenvalues. To obtain the ABs profile from (7) we restrict both the eigenvalues Im(l 1 ) and Im(l 2 ) to be less than 1 (l 1 = 0.5i and l 2 = 0.7i). One AB developing with a time delay after another is shown in Fig. 3(a) and without the time delay is given in Fig. 3(b) . When we change the eigenvalues to l 1 = 0.5i and l 2 = 1.2i, the AB intersects with Ma breather which is demonstrated in Fig. 3(c) . When both the eigenvalues Im(l 1 ) and Im(l 2 ) are greater than 1, say for example l 1 = 1.1i and l 2 = 1.2i, we obtain two Ma breather solutions from (4) . Similarly the developing of the Ma breather with and without spatial delay is shown in Figs. 3(d) and 3(e) respectively. We also observe that the distance between the Ma breathers increases when we set both the eigenvalues to be nearly equal, say for example l 1 = 1.1i and l 2 = 1.11i. It is shown in Fig. 3(f) . When the strength of the inhomogeneity parameter k is raised to 1.1, both the ABs are obliquely stretched in x plane which is demonstrated in Fig. 4(a) . When k = 0.5, the intersection of AB and Ma breather and both the Ma breathers develop a bending structure in the plane wave background. They are illustrated in Figs. 4(b) and 4(c) respectively. When k is negative, ABs get stretched in the reverse direction. As we expect AB-Ma/both the Ma breathers develop a bending structure in the negative x direction which is not presented here.
Recently breathers have been realized experimentally in optical fibers [25] and plasmas [27] . The results presented here will also be realized in the experimental context of nonlinear wave propagation in an inhomogeneous plasma.
Characteristics of rogue waves
Next we move on to investigate the RW solution of (5). The RW solution can be obtained from the AB/Ma breather solutions as a limiting case [26] . The RW solution has the following basic structure: where G j , H j and D j are polynomials in ξ and τ . The first-order (j = 1) RW solution is given by [32] 
and the second-order (j = 2) RW solution is given by
where When j = 3 in Eq. (9) we get the third-order (j = 3) RW solution [32] where G 3 , H 3 and D 3 are polynomials in ξ and τ . Since the explicit expression of third-order RW solution is very lengthy we have not given the underlying expression here and only a graphical analysis of the third-order RW solution is presented. Substituting (10) and (11) in (4) the constants µ 0 and β 0 to be 2.0 and display the RW solution of (5) for two different values of the inhomogeneous parameter, say k = 0.1 and k = 2, in Figs. 5 and 6. In Fig. 5 , we have given the solution plots of (a) first-, (b) second-and (c) third-order RW solutions for k = 0.1. These waves are localized both in space and time thus revealing the characteristic feature of RWs. When we increase the strength of inhomogeneity parameter k to 2, we observe that the wave crests get stretched in space and the RW structures get distorted in the plane which is demonstrated in Fig. 6 . The variations can be seen more clearly in their respective contour plots which are given in the second row in Fig. 6 . Here also when k is negative the RWs get stretched in the reverse direction. Very recently it has been shown that one can also introduce certain free parameters in the RW solutions and by varying these free parameters one can extract certain patterns exhibited by these RWs [38] . Motivated by this, in the following, we consider the second-and third-order RW solutions with suitable free parameters and analyze how the RW patterns change with respect to these free parameters for a particular value of inhomogeneity parameter. To begin with we confine our attention to the second-order RW solution. In this case, we have the following modified expressions for G 2 , H 2 and D 2 , that is This RW solution contains two free parameters, namely l and m. When l = m = 0, this solution coincides with the one given earlier (vide Eq. (11)) which contains one largest crest and four subcrests with two deepest troughs. When l and m are not equal to 0, the second-order RW splits into three first-order RWs. These waves emerge in a triangular fashion (a triplet pattern). The parameters l and m describe the relative positions of the first-order RWs in the triplet. The three first-order RWs form a triangular pattern with 120 degrees of angular separation between them [38] . We observe this triangular pattern for small values of l and large values of m. On the other hand when l is large and m is small the peaks in the triplet move to new positions in the triangle. In Fig. 7 we display the triplet pattern for k = 0.1. The formation of triangular pattern is shown in Fig. 7(a) for l = 20 and m = 30. When we increase the value of l and m to 60 and 100 respectively the distance between the peaks in the triplet increases but amplitude of none of the peaks changes which can be seen in Fig. 7(b) . At l = 120 and m = 20, the three peaks take new positions which is shown in Fig. 7(c) . When we increase the value of k to 1.5 the triplet RWs get stretched in space with a curved structure in the plane wave background which is illustrated in Fig. 8 . When k is negative the triplet RWs get stretched in the reverse direction. We then move on to investigate the structure of third-order RW solution with four free parameters, namely l, m, g and e. The third-order RW solution with four free parameters is much lengthier than the one without free parameters and so we leave the expression and analyze the results only graphically. Here also we investigate the solution based on the free parameters. When l = m = g = e = 0, we have the classical third-order RW solution which is shown in Fig. 5(c) . It has one largest crest and six subcrests with two deepest troughs. For non-zero values, the third-order RW splits into six separated first-order RWs. When we increase the value of free parameters, the six first-order RWs take new positions. However, the maximum amplitude of each one of the peaks remains the same even in the new orientation. For small values of l and m and large values of g and e the RWs form a ring structure which contains six peaks.
Figs. 9 and 10 display the evolution of third-order RW solution for non-zero values of l, m, g and e for two different values of the inhomogeneous parameter, k = 0.1 and k = 1.5 respectively. When l = m = 10 and g = e = 500, we obtain a ring structure with six separated first-order RWs which is shown in Fig. 9(a) . Among the 6 peaks 5 of them assemble on a circle and the sixth one appears in the middle of this circle. When we increase the value of l to 100 and keep the other parameters to be m = 10 and g = e = 500 the first-order RWs re-assemble in a triangular form which is shown in Fig. 9(b) . When we fix the values of l and m to be −100 and −10 respectively and g = e = 500 the triangular pattern still persists but the orientation of the triangle changes, which is illustrated in Fig. 9 (c). When we increase the value of k to 1.5, six first-order RWs get stretched in space with a curved structure in the plane wave background which is shown in Fig. 10 . When k is negative the six first-order RWs get stretched in the reverse direction. Recent experimental observation of RWs in nonlinear fiber optics [25] and in a water tank experiment [26] and in plasma [27] has open up possibilities to study their characteristics in detail. Our results, as discussed here, could be useful for controlling highly energetic pulses in plasmas.
Trajectories of inhomogeneous rogue wave
In this section, we investigate certain characteristics of RW, namely the evolution of its peak, the distance between the valleys', that is width of the RW and the trajectory of the RW analytically. The trajectory of RW can be described by the motion of the hump and valleys' center location [39] . Substituting (10) in (4) one can obtain first-order RW solution of the INLS Eq. (5)and we calculate the expression of the motion of its hump's center as
and the motions of the two valleys' center is 
where x h and x v denote the trajectory of hump and valleys of RW respectively. The trajectory of the RW's hump is shown by orange line and the trajectories of the two valleys look like an "X" shape, as shown by the thick and dashed lines in Fig. 11(a) . The corresponding evolution plot is shown in Fig. 5(a) . When the inhomogeneity parameter k = 2, the trajectory of the RW is depicted in Fig. 11 (b) and its corresponding evolution diagram is shown in Fig. 6(a) . Furthermore, we can define the width of the RW as the distance between the two valleys' centers [39] . Its evolution is
Substituting (12) and (13) into the expression of (4), we can calculate the expressions for the evolution of the RW's hump and valleys as shown in Figs. 11(c) and (d) respectively.
Conclusion
In this work, we have considered a variable coefficient NLS equation with an external linear potential that describes the nonlinear wave propagation in an inhomogeneous plasma/medium. We have constructed several localized solutions for the INLS equation, including Ma breather, AB, two-breathers, first-, second-and third-order RW solutions by mapping it to the NLS equation. Our aim was to investigate in-detail the impact of inhomogeneity on all these rational solutions. When the inhomogeneity parameter k is small, say 0.01, we have noticed that the breather and RW solutions retain their shapes. For k = 1.5, the shape of AB gets stretched and the Ma breather bends in the plane wave background. For negative k values the same effects occur but in the reverse direction. When we increase the strength of inhomogeneity parameter in two-breather solutions, both the ABs obliquely stretches in space whereas the two Ma breathers and the intersection of AB and Ma breathers get curved in the plane wave background. Similar effects were also observed for the RW solutions. For example, when we increase the value of k in the INLS equation, the RW solution get stretched in space or curved in the plane wave background. We have constructed the second-and third-order RW solutions with certain free parameters and also analyzed how they are modified by the inhomogeneity parameter. We have derived the second-order RW solution with two free parameters. For small values of these free parameters we have the triangular pattern of three separated first-order RWs and when we increase the value of free parameters the distance between the peaks in the triplet increases and these peaks occupy a different position. Finally, we have derived the third-order RW solution with four free parameters. By varying these free parameters we have obtained two different patterns of six firstorder RWs, namely (i) the ring structure and (ii) the triangular structure. We have also investigated the impact of inhomogeneity on these solutions as well. The nonlinear structures, as reported here, may be useful for controlling plasmonic energy along the plasma surface. Our results provide the many possibilities to manipulate RWs both theoretically as well as experimentally in their relative fields such as fluids, nonlinear optics and Bose-Einstein condensates.
